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Abstract
Thanks to multi-spacecraft mission, it has recently been possible to directly
estimate the current density in space plasmas, by using magnetic field time
series from four satellites flying in a quasi perfect tetrahedron configuration.
The technique developed, commonly called “curlometer” permits a good es-
timation of the current density when the magnetic field time series vary
linearly in space. This approximation is generally valid for small space-
craft separation. The recent space missions Cluster and Magnetospheric
Multiscale (MMS) have provided high resolution measurements with inter-
spacecraft separation up to 100 km and 10 km, respectively. The former
scale corresponds to the proton gyroradius/ion skin depth in “typical” solar
wind conditions, while the latter to sub-proton scale. However, some works
have highlighted an underestimation of the current density via the curlome-
ter technique with respect to the current computed directly from the velocity
distribution functions, measured at sub-proton scales resolution with MMS.
In this paper we explore the limit of the curlometer technique studying syn-
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thetic data sets associated to a cluster of four artificial satellites allowed to
fly in a static turbulent field, spanning a wide range of relative separation.
This study tries to address the relative importance of measuring plasma mo-
ments at very high resolution from a single spacecraft with respect to the
multi-spacecraft missions in the current density evaluation.
Keywords: multi-spacecraft technique, electric current vector, space
plasmas
1. Introduction
High resolution magnetic and plasma data in the interplanetary space
have opened an important debate on the physical processes occurring be-
tween proton and electron scales. Indeed, spacecraft observations have re-
vealed a steepening of the magnetic field power spectral density at scales at
which the magnetohydrodynamics approximations are no longer valid, sug-
gesting the presence of a small-scale turbulent cascade of magnetic energy
(Leamon et al., 1998; Bale et al., 2005; Sahraoui et al., 2009; Alexandrova et al.,
2008, 2009; Sahraoui et al., 2010). This change of regime has been observed
to occur at the proton gyroradius ρp = vth,p/Ωp (vth,p is the proton ther-
mal speed and Ωp the proton gyrofrequency) or at the proton skin depth
λp = c/ωp (c is the speed of light and ωp the proton plasma frequency).
In addition to the spectral properties, it has been found that the plasma
is characterized by magnetic discontinuities at proton scales and sub-proton
scales both in the pristine solar wind (Perri et al., 2012; Greco et al., 2016)
and in the near Earth environment (Retino` et al., 2007; Sundkvist et al.,
2007). These evidences have raised the question about the role played by
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magnetic field discontinuities and current-sheet like structures in the mag-
netic energy dissipation. The general picture emerging from the analysis
of high frequency spacecraft data is the coexistence of oblique propagating
Kinetic Alfve´n Waves and zero-frequency coherent structures, namely cur-
rent sheets-like structures (Roberts et al., 2015; Perschke et al., 2016). On
the other hand, three dimensional numerical simulations have pointed out
the emergence of current sheets over a broad range of scales (up to electron
scales) as a consequence of the development of magnetic turbulence; these are
sites of high concentration of current density, energy dissipation, and plasma
heating (Karimabadi et al., 2013; Wan et al., 2015). One of the possible
processes responsible for this local energy dissipation is magnetic reconnec-
tion, a change in the topology of the magnetic field leading to a conversion
of magnetic energy into heat, particle acceleration, and non-thermal effects
(Servidio et al., 2012; Valentini et al., 2014). Using high cadence measure-
ments from the Magnetospheric Multiscale (MMS) mission, it has recently
been possible to study in details electron scale magnetic reconnection and de-
tect evidence of magnetic energy conversion into particle energy, electron cur-
rents, energy dissipation, and electron flows (Burch et al., 2016; Ergun et al.,
2016; Yordanova et al., 2016; Fu et al., 2017). Owing to sub-proton inter-
spacecraft separations (i.e., minimum average distance ∼ 10 km), MMS of-
fers the best condition for the estimation of the current density applying
the curlometer method (Dunlop et al., 1988, 2002). This technique was
already applied to Cluster data during periods of inter-spacecraft
separation of ∼ 200 km (Fu et al., 2012). Additionally, MMS measures
three-dimensional plasma distributions with unprecedent time resolution, i.e.,
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150 ms for ions and 30 ms for electrons. Thus, high resolution current density
can be derived from plasma moments as Jmom = qn(Vi − Ve), where q is
the electric charge, n = ne = ni is the plasma density, and Vi, Ve are the
ion and electron bulk speed, respectively (Graham et al., 2016). The con-
sistency between the current computed from multi-spacecraft and derived
from the moments is generally satisfactory except for regions where struc-
tures at scales below the spacecraft separation are present (Burch et al., 2016;
Graham et al., 2016).
In this paper, in order to explore the limit of validity of the multi-
spacecraft approach, we apply the curlometer technique to a synthetic model
of stationary turbulence (Malara et al., 2016; Pucci et al., 2016) where four
virtual spacecraft are allowed to fly forming a perfect tetrahedron with ad-
justable inter-spacecraft separation. We discuss the implications for possible
future single-spacecraft missions in the estimation of the current density,
which is of pivotal relevance in the study of plasma turbulence and dissipa-
tion.
2. The curlometer technique
The curlometer technique has widely been used in recent years thanks
to multi-spacecraft missions. It is based on the the Maxwell-Ampe`re’s law
µ0J = ∇ × B evaluated in the centre of a perfect tetrahedron formed by
four satellites (see Fig. 1 in Dunlop et al. (1988)). Since this method is well
known, here just a brief overview is given. Starting from the ideal aforemen-
tioned configuration, one can estimate the current density in the direction
normal to each face of the tetrahedron. Under the assumption that the mag-
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netic field does not change abruptly over the inter-spacecraft separation, that
is it varies linearly and the current density is roughly constant over the entire
volume of the tetrahedron, one can write (Grimald et al., 2012)
µ0Jijk · (∆rik ×∆rjk) = ∆Bik ·∆rjk −∆Bjk ·∆rik, (1)
where i, j, k are index running over the satellites, so that Jijk is the current
density normal to the face delimited by spacecraft i, j, k. ∆Bik = Bi − Bk
and ∆rik = ri−rk are the magnetic field and the position difference between
spacecraft i and k, respectively. Both the magnetic field data and the space-
craft positions are in Cartesian coordinates and an average current density
in the tetrahedron, Jcurl, can be derived by projecting each current vector
normal to three faces into Cartesian coordinates. Because of the assumption
of slow variation of the magnetic field, it is clear that the curlometer can be
applied only when spacecraft are close enough to avoid sudden variation in
the field inside the tetrahedron volume. This tends to limit the goodness of
the estimation of the current density via this method. To estimate the accu-
racy of the technique, one can evaluate ∇·B, so that non-zero values are due
to non-linear gradients in the magnetic field in the tetrahedron. Following,
Dunlop et al. (1988); Grimald et al. (2012) we compute
div(B)|∆rik · (∆rjk ×∆rjl) = |
∑
cyclic
∆Bik · (∆rjk ×∆rjl)|, (2)
and in particular we calculate the adimensional quality factor
Q =
div(B)
µ0Jcurl
, (3)
so that Q≪ 1 indicates very good estimation of the current density via the
curlometer.
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3. Application to synthetic data sets
3.1. Numerical setup
In order to test the limit of validity of the curlometer, we make use
of a recently developed synthetic model of three-dimensional, static tur-
bulence that reproduces the main characteristics of space plasma turbu-
lence (Malara et al., 2016; Pucci et al., 2016). The model mimics the tur-
bulent cascade of energy from larger to smaller scales, and is based on an
algorithm that allows to reproduce large spectral width and tunable spectral
and intermittency properties, with very small computational requirements.
A detailed description of the model can be found in Malara et al. (2016), and
a demonstration of its use can be found in (Pucci et al., 2016). The main
concept of the model is to build the magnetic field B(r) at each point r of the
domain as the superposition of scale-dependent magnetic field fluctuations,
chosen as to reproduce the desired turbulence characteristics. This is done
by introducing a hierarchy of cells at different spatial scales ℓm = ℓ0/2
m.
Here ℓ0 is the domain size, m = 0, ..., Ns is the scale index and Ns is the
tunable number of scales used in the realization, defining the spectral ex-
tension. At the largest scale, there is a single cell of size ℓ0. Then, each
cell of a given scale is recursively divided into eight cells of the next scale
size. At any given scale, the cells form a regular lattice filling the whole do-
main. Each cell in the model is indicated by four indexes (i, j, k;m), where
i, j, k identify the cell position within the 3D lattice at the m-th scale. For
each cell, a spatially localized magnetic field fluctuation δB(i,j,k;m)(r, ℓm), or
magnetic eddy, is univocally assigned through suitably defined polynomial
functions and a series of random numbers that control the energy “cascade”.
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Such random numbers determine the amplitude of each eddy, in order to
reproduce both a given global energy spectral law and the desired amount of
fluctuations inhomogeneity (or intermittency). The amount of energy trans-
ferred from larger to smaller scales shall obey a given power-law spectrum
E(k) ∼ kα, which implies that, on average, the field fluctuations scale as
δB(ℓ) ∼ ℓ(α−1)/2. For example, a Kolmogorov spectrum with α = −5/3 is
obtained allowing a scaling δB(ℓ) ∼ ℓ1/3. Intermittency is modelled as in
the standard p-model (Meneveau & Sreenivasan, 1987), where p ∈ [0.5, 1] is
the intermittency parameter. In this model, the energy flows from larger
to smaller eddies with a rate proportional to p for some randomly selected
cells, and to 1 − p for the remaining cells. For p = 0.5, the energy transfer
rate is homogeneously redistributed in the cascade, resulting in the absence
of intermittency. As p increases, the inhomogeneity of the energy transfer
increases, enhancing the level of intermittency. Both the spectral index α
and the intermittency level p can be tuned as desired in the model. The
magnetic field is finally calculated as
B(r) = B0 +
Ns∑
m=1
2m∑
i,j,k=1
δB(i,j,k;m)(r, ℓ) , (4)
where the fluctuations are determined following the above rules.
For the present work, the number of scales used in the model was Ns =
222, allowing to have about six decades of spectral width. The largest scale
chosen is equal to the typical correlation length at 1 AU, namely
L ∼ 5 × 106 km (Horbury et al., 1996), so that any spatial scale in
the model is expressed in terms of L. The model was further modified as
to allow the presence of a spectral break, i.e. two spectral indexes α1 and α2
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are assigned above and below a given scale ℓbreak = 122 km. The two spectral
indexes are chosen as to reproduce the double-scaling law observed in solar
wind magnetic spectra, i.e.: α1 = 5/3 and α2 = 2.1 (Alexandrova et al.,
2009). The level of intermittency was set to p = 0.7 in the large-scale range
and to p = 0.5 in the small-scale range. An example of the spectrum of the
Bx component is shown in Figure 1, where two power law ranges, one at large
scales following a Kolmogorov-like scaling and one at smaller scales having
α2 ∼ −2, are well resolved, as indicated by the thick dashed lines. Notice
that since the form of the magnetic field B(r) is analytically defined (see
equation (4)), it is possible to exactly calculate the corresponding current
density through the relation J = ∇×B/µ0.
3.2. Estimation of the current density
In this 3D turbulent field, it is possible to extract magnetic field time
series as one-dimensional cuts of the 3D field, simulating the flight of vir-
tual spacecraft across the simulation domain. For our analysis, four virtual
trajectories have been extracted at a certain relative separation, forming a
perfect tetrahedron. With the appropriate choice of the model scale param-
eters, each virtual spacecraft measures the magnetic field at spatial cadence
∆s = 0.1 km. The current density is thus estimated using the spacecraft at
different relative distance of d = 80 km, d = 10 km, and d = 2 km. No-
tice that 80 km corresponds roughly to the minimum distance reached by
the Cluster spacecraft, while 10 km to the minimum distance for the MMS
mission. In order to compare the scales chosen for the estimation
of J with physical scales, we arbitrarily consider to be immersed
in a medium with average density of n ∼ 10cm−3, that is a typical
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value in the solar wind (see Alexandrova et al. (2009)). In such
a plasma, the electron inertial length is about 2 km, close to the
minimum distance chosen in our study for the artificial spacecraft.
Notice that our model is purely magnetic and no plasma informa-
tion can be derived. Figure 2 displays the current density estimated via
the Ampe`re’s law Jsim = ∇×B/µ0 (black line), namely the exact estimation
of Jsim in the numerical model, and via the curlometer (see Figure legend),
i.e., equation (1). Top and bottom panels in Figure 2 correspond to a ‘quiet’
period and to a more ‘bursty’ one, respectively. The underestimation of the
current density using the curlometer is evident at d = 80 km and at d = 10
km both in the bursty and in the quiet period. As expected, when strong gra-
dient of the magnetic field are present, the curlometer technique fails because
B does not change linearly across the tetrahedron. However, even using very
short inter-spacecraft distances (i.e., d = 2 km, which in typical solar wind
conditions is close to the electron scales) the curlometer technique tends to
underestimate the actual current density value. Besides a comparison be-
tween the magnitudes of the current densities, we have also evaluated the
degree of alignment between Jsim and the estimation of the current from the
curlometer by computing
θ(r) = arccos
[ Jsim(r) · Jcurl(r)
|Jsim(r)||Jcurl(r)|
]
, (5)
namely the angle between the current density vector calculated exactly and
the current density vector from the curlometer. A close-up of θ(r) is shown in
Figure 3, where different colours refer to calculation of eq. (5) with Jcurl(r)
estimated at different inter-spacecraft distances, i.e., d = 80 km (blue line),
d = 10 km (green line), and d = 2 km (red line). This quantity highly
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fluctuates, showing big deviations from θ = 0◦ in some regions, especially for
the largest inter-spacecraft distance. Thus, we computed the spatial average
value of θ in the region displayed in the top panel of Figure 2 (defined as
the “quiet” period) obtaining θ(d=2km) = 56
◦, θ(d=10km) = 74
◦, θ(d=80km) = 80
◦
(slightly higher values obtained for the “bursty” period). The higher the
relative satellite distance, the bigger the deviation from alignment with the
exact current density is found. These results highlight the limitations of
multi-spacecraft technique in this kind of study.
As stated in Section 2, the quantitative evaluation on the goodness of the
current density estimation has been done via the quality factor Q (see equa-
tion 3), which is reported in Fig.4 for the three satellite separations. It can
be noted that frequently Q≫ 1 appear both in bursty and quiet periods for
all the three values of d. Large amplitude spikes are associated to points of
almost vanishing current density (see Fig. 2) and ∇·B > 0, in such regions
Q is not well determined. Thus, up to d = 2 km inter-spacecraft separa-
tion, the evaluation of the current density in several intervals can be poor. It
is important to mention that recently, Fu et al. (2015) investigated
the limit of the quality factor computation in 3D kinetic simula-
tions as a function of the separation among four virtual spacecraft.
They also proposes an alternative method for testing the good-
ness of the reconstruction of a magnetic field topology (i.e., ∇ · B
evaluation).
We have additionally estimated a relative error defined as 〈ErrJ〉 ≡ 〈|Jcurl−
Jsim|/Jsim〉 during the intervals in Fig. 2, where 〈 〉 indicates spatial average.
We obtained 〈ErrJ〉d=2km = 0.52, 〈ErrJ〉d=10km = 0.69, and 〈ErrJ〉d=80km =
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0.82 in the bursty period (very similar value were also found for the almost
quiet interval). Of course, the relative error increases on average with the
inter-spacecraft separation.
Furthermore, we compare the exact current density estimation along a
trajectory in the simulation domain at two spatial resolutions: ∆s = 0.1 km
(black line in Fig. 5) and ∆s = 2.5 km (red line in Fig. 5). Assuming a typ-
ical solar wind speed of Vsw ∼ 500 km/s, the latter spatial lag corresponds
to a time scale ∆t = ∆s/Vsw = 5 ms, which is the expected time resolu-
tion for the electron moments detection for the Turbulent Heating ObserveR
(THOR) mission. As stated above, the exact estimation of the current den-
sity can be made via the measurements of plasma moments. Figure 5 reports
a comparison between Jsim along a path in the simulation box, that
is estimated with a single artificial spacecraft at high resolutions (see above)
and via the curlometer at d = 2 km (green line). It can be noted that high
resolution single spacecraft measurements would lead to a better estimation
of the current density than a multi-spacecraft mission, even with a unrealistic
inter-spacecraft distance of d = 2 km.
4. Discussions and perspectives
The analysis performed on time/spatial series of magnetic field data from
a synthetic turbulence model has pointed out that the evaluation of the
current density via multi-spacecraft technique, as the curlometer, leads to
frequent underestimations of this quantity, even in the presence of a rel-
ative small inter-spacecraft distance. This occurs because of the genera-
tion of sharp discontinuities and structures towards small scales, as also
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Figure 1: Power spectral density of the Bx component as a function of scales. The two
power law ranges are highlighted by the dashed lines.
12
recently highlighted from spacecraft data Perri et al. (2012); Osman et al.
(2012); Greco et al. (2016). Regions of abrupt changes in the magnetic field
over sub-proton scales can spoil the curlometer estimation. Thanks to high
resolution MMS data, recent analysis has shown for the first time a direct
comparison between the current density estimated from the curlometer tech-
nique (with inter-spacecraft separation of 10 km) and the current density
directly obtained from 150 ms resolution plasma moments. This comparison
has revealed a failure of the curlometer in the J estimation during some time
intervals close to diffusion regions (Graham et al., 2016; Ergun et al., 2016).
Our study on synthetic data clearly shows this limit of the multi-points
technique, since we would need four satellites with unrealistic (electron and
sub-electron scales) minimum separation to get a good estimation of J, ow-
ing to the presence of very narrow discontinuities in the magnetic field at
small scales, possibly generated as the effect of the turbulent cascade. It is
important to stress that the degree of deviation of the curlometer
estimation from the exact J value depends on the occurrence of
large amplitude gradients in the synthetic model. However, we do
not want to compare directly our synthetic magnetic fluctuations
with real magnetic data, but just to investigate and be predic-
tive about the limit of this technique when a cluster of spacecraft
crosses regions of sharp gradients in space plasmas even with a very
short inter-satellite separation. It has been observed that in some
space plasma regions the underestimation of the current density via
the curlometer can be less dramatic (see Figure 3 in Graham et al.
(2016)).
13
The results presented in this study indirectly suggest that the
use of high-resolution single spacecraft plasma measurements would
give a much better estimation of the current density (within the
errors associated to the plasma moments determination) with re-
spect to a multi-spacecraft mission. This should be particularly
true in low beta plasmas, as the solar wind and the terrestrial
magnetosheath. This point is of crucial importance to pursue THOR,
one of the three candidates for the ESA’s next medium-class science mission
(Vaivads et al., 2016).
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Figure 2: Current density as a function of space computed from simulation (black line) and
from the curlometer at several inter-spacecraft distances: d = 80 km (blue line), d = 10
km (green line), and d = 2 km (red line), during a ‘quiet’ period (top panel) and a ‘bursty’
period (bottom panel).
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Figure 3: The angle between the exact current computed via the Ampe´re law and the
current from the curlometer technique fixing the inter-spacecraft distance to d = 80 km
(blue line), d = 10 km (green line), and d = 2 km (red line). It measures the degree of
alignment between the two currents. The greatest deviation from being aligned occurs for
d = 80 km (see text for more details).
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Figure 4: Quality factor as a function of space computed for several inter-spacecraft dis-
tances: d = 80 km (blue line), d = 10 km (green line), and d = 2 km (red line), during a
‘quiet’ period (top panel) and a ‘bursty’ period (bottom panel).
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Figure 5: Time series of the current density computed from a single artificial spacecraft
along a trajectory in the 3D simulation domain at resolution ∆s = 0.1 km (black line) and
∆s = 2.5 km (red line). A comparison with the curlometer fixing d = 2 km is reported
(green line).
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